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Abstract

On finite dimensional spaces, the spectral theorem allows for the decomposition of normal operators
into linear combination of orthogonal projections onto the eigenspaces of the operators. The goal
of this paper is establish a framework for the spectral theorem for normal operators on spaces of
arbitrary dimension and related results thereof. For linear operators on finite dimensional spaces,
the spectrum of an operator is the set of eigenvalues for that operator. On infinite dimensional
spaces, the spectrum of an operator may contain values that are not eigenvalues. Other particular
results of interests include the functional calculus and the spectral mapping theorem. Dealing with
operators on infinite dimensional spaces, some of the things we will make use of include measure
theory, operator topologies, and properties of C∗-algebras. All the while, we would like for this
framework to agree with the finite dimensional case.

1 Introduction

As per the title, we aim to dive into the theory of normal operators on a Hilbert space
H. Normal operators possess a litany of applications in various fields. A major one being
that of quantum mechanics. In addition, we will define projection-valued measures, which
have applications in quantum communication and cryptography [12]. As such, I aim to
build a strong understanding of the theory of normal operators. With this, the focus of
this paper will be on the theory of normal operators with various examples to promote a
strong understanding. As a result, we will forego exploring applications. Normal operators
satisfy a rather simple commutation result. But this simple relation has massive results.
Moreover, these operators extend far beyond the form they take on in finite dimensional
spaces. Nevertheless, matrices serrve as a decent starting point for our exploration. In
addition, we will also look at how the theory of normal operators holds when dealing
with infinite dimensional spaces. In these spaces, traditional linear algebra begins to
break down, and so we need to turn to results pertaining to functional analysis to ensure
everything remains coherent. This includes notions from measures which take on operators
as values, and the various topologies one can define. After going through everything we
can, we will briefly mention some next steps.

2 Background information

Starting off our journey into the theory of normal operators, we look at the analytical
properties of operator spaces and define measures which take on linear operators as val-
ues. Once we get into the theory of normal operators proper, we will look at various
examples. Where possible, finite dimensional examples will be used to ensure a concrete
understanding. Additionally, throughout this paper, we will assume 0 ̸∈ N, and use N0

when we wish to indicate that the set includes 0.
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2.1 Operator Topologies

When we move from finite to infinite dimensional spaces, the topology of the space becomes
important. So this is where we will begin our journey.

Definition 2.1. Let (X, T ) be a topological space. A net in X is an indexed collection
{xk}k∈I ⊆ X. This definition is very similar to that of a sequence in a topological. An
important distinction to be aware of is that nets may be indexed by an uncountable set.
Like sequences, nets carry a similar notion of converge. In this manner, one can think of
nets as generalizing of sequences.

Definition 2.2. A Banach algebra is a Banach space A with a multiplication satisfying

||xy|| ≤ ||x|| ||y||

for all x, y ∈ A.

Definition 2.3. A C∗-algebra is a Banach algebra A with an involution ∗ : A → A such
that

i) (x∗)∗ = x

ii) (xy)∗ = y∗x∗

iii) (ax+ by)∗ = ax∗ + by∗

iv) ||x∗x|| = ||x||2

for any x, y ∈ A and any a, b ∈ C.

Definition 2.4. A Hilbert space is an inner product space (H, ⟨·, ·⟩H) so thatH is complete
with respect to the metric

dH(f, g) =
√
⟨f − g, f − g⟩H

= ||f − g||H

Remark 2.5. For any Hilbert space H, B(H) is a C∗-algebra with the operator norm
topology. As another example, fix some T ∈ B(H). Denote by C∗(T ) the smallest C∗-
subalgebra of B(H) containing T and T ∗. An equivalent definition of C∗(N) is the operator
norm closure of polynomials in N and N∗.

Definition 2.6. A locally convex space is a topological vector space V whose topology is
defined by a collection of seminorms {pj}j∈I such that⋂

j∈I
{v | pj(v) = 0, v ∈ V} = {0}

With this, we are now ready to define the topologies we will need. Recall that for a vector
space A, the dual space to A is the space of linear functionals on A.

Definition 2.7. Let A be a normed space and let A∗ denote its dual. For ℓ ∈ A∗, define
pℓ : A → R by pℓ(x) = |ℓ(x)|. Notice that pℓ is a seminorm on A. The topology generated
by the collection of seminorms {pℓ | ℓ ∈ A∗} is called the weak topology on A, and is
denoted wk.
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Definition 2.8. For x ∈ A, define rx(ℓ) = |ℓ(x)|. This is a seminorm on A∗. The topology
generated by the collection of seminorms {rx |x ∈ A} is called the weak-star topology on
A∗, and is denoted wk∗.

Remark 2.9. Let (X,Ω, µ) be a measure space. Then, the dual space of L∞(µ) is L1(µ)
with seminorms defined by

ρf (g) =

∣∣∣∣∫
X
fgdµ

∣∣∣∣
for f ∈ L1(µ) and g ∈ L(∞). By Holder’s inequality, we have ρf (g) ≤ ||fg||1 ≤ ||f ||1 ||g||∞,
and so these seminorms are well-defined.

These topologies can be defined on any normed space. In addition, for a Hilbert space H,
we can define the following topologies on B(H):

Definition 2.10. For f, g ∈ H, define ρf,g : B(H) → R by ρf,g(A) = | ⟨Af, g⟩ |. The weak
operator topology (WOT) is the topology generated by the collection of seminorms

{ρf,g | f, g ∈ H}

Later on, as part of the functional calculus, we will use the weak operator topology.
Nevertheless though, I believe it’s imported to also mention the strong operator topology
because of their similar definitions. Even so, these topologies are different. To see this,
consider the following two examples on ℓ2(N):

Example 2.11. Let Pk : ℓ2(N) → ℓ2(N) be the projection onto the orthogonal complement
of the first k components, i.e. for (an)n∈N,

Pk(an)n∈N = (0, . . . , 0, ak+1, ak+2, . . . )

This is a bounded operator as

||Pk(an)n∈N||2 =
∑
n∈N

|an+k|2

≤
∑
n∈N

|an|2

= ||(an)n∈N||2

Along with this, Pk(an)n∈N converges to 0 as k → ∞. Thus, Pk converges strongly to 0.
However, for m < k and (an)n∈N ∈ ℓ2(N), we have

(Pk − Pm)(an)n∈N = Pm(an)n∈N − Pk(an)n∈N

= (0, . . . , am+1, am+2, . . . )− (0, . . . , ak+1, ak+2, . . . )

= (0, . . . , am+1, am+2, . . . , ak−1, ak, 0, 0, . . . )

thus for all m < k, there exists a sequence (an)n∈N such that (Pm−Pk)(an)n∈N = (an)n∈N.
Therefore, Pk does not converge in norm to 0. This shows that the strong operator
topology, despite the name, is weaker than the norm topology.
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Example 2.12. Next, consider the shift operator R : ℓ2(N) → ℓ2(N) defined as

R(a1, a2, . . . ) = (0, a1, a2, . . . )

For sequences (an)n∈N, (bn)n∈N, we have

∣∣∣〈Rk(an)n∈N, (bn)n∈N

〉∣∣∣ = ∣∣∣∣∣∑
n∈N

anbn+k

∣∣∣∣∣
=

∣∣∣∣∣∑
n∈N

anPk−1(bn)n∈N

∣∣∣∣∣
=
∣∣∣∣∣∣Rk(an)n∈N

∣∣∣∣∣∣ ||Pk−1(bn)n∈N||

= ||(an)n∈N|| ||Pk−1(bn)n∈N||

From the previous example, we have ||Pk−1(bn)n∈N|| goes to 0 as k → ∞. Thus Rk goes to
0 under the weak operator topology. But no positive power of R removes any components
of the sequences it acts on, and so Rk does not converge to 0 in the strong operator
topology.

With these two examples, we have that weak operator convergence is weaker than strong
operator convergence, which itself is weaker than convergence in norm. Of course there
are many more things we could explore with these operator topologies, such as how limits
of products of operators behave in each of these topologies, but that’s for another time.
For now, we want to continue building up what we need to build a stronger understanding
of normal operators.

Definition 2.13. For f ∈ H, define ρf (A) = ||Af ||H. The topology on B(H) generated
by these seminorms is called the strong operator topology (SOT).

Remark 2.14. For an operator N ∈ B(H), we defined the C∗ algebra C∗(N), which uses
the operator norm. In a similar fashion, we can define a C∗ algebra using the weak operator
seminorms. This algebra is called the von Neumann algebra of N , denoted W ∗(N), and
is the WOT-closure of polynomials in N and N∗.

2.2 Operator-Valued Measures

Let X be any set, and let Ω be a σ-algebra over X. Areal measure is a function µ : Ω →
[0,∞] that is countably additive and µ(∅) = 0. In our exploration of normal operators,
we require measures which output projections on a Hilbert space H.

Definition 2.15. Let X be a space with σ-algebra Ω, and let H be a Hilbert space. A
spectral or projection-valued measure on the triple (X,Ω,H) is a map E : Ω → B(H) such
that

(i) E(S) is a projection for each S ∈ Ω

(ii) E(X) = IH and E(∅) = 0

(iii) E(S1 ∩ S2) = E(S1)E(S2) for S1, S2 ∈ Ω
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(iv) E is countably additive, i.e.

E

(⋃
n∈N

Sn

)
=
∑
n∈N

E(Sn)

for a pairwise disjoint collection {Sn |n ∈ N} ⊆ Ω

Careful consideration needs to be made here as products of projections may not be pro-
jections. This can be resolved by noticing that

E(S1)E(S2) = E(S1 ∩ S2)

= E(S2 ∩ S1)

= E(S2)E(S1)

and using that the product of two projections is a projection if and only if they commute.
Projection-valued measures are just a small portion of a larger class of operator-valued
measures. These measures play a particularly important role in the theory of quantum
information [1]

Remark 2.16. For a normal operator N ∈ B(H), σ(N) is a topological space. The Borel
σ-algebra of subsets of σ(N), denoted Borel(σ(N)), is the smallest σ-algebra on σ(N)
containing the topology.

Definition 2.17. Let Ω be a σ-algebra on a set X. Let µ, ν be complex valued measures
on Ω. We say that ν is absolutely continuous with respect to µ, writing ν ≪ µ if ν(S) = 0
whenever µ(S) = 0 for any µ-measurable set S ∈ Ω.

Remark 2.18. Let (X,Ω, µ) be a measure space with complex-valued measure µ, and let
f : X → C. Then, we can define a measure ν = fµ by

ν(S) =

∫
S
fdµ

Moreover, ν is absolutely continuous with respect to µ. The Radon-Nikodym theorem
below gives a converse to this statement.

Theorem 2.19. Radon-Nikodym Theorem

Given a measure space (X,Ω), and σ-finite measures µ, ν on Ω. If ν is absolutely contin-
uous with respect to µ, then there is an integrable function f : X → C such that

ν(S) =

∫
S
fdµ

for any measurable A ∈ Ω. f is called the Radon-Nikodym derivative of ν with respect to
µ, and denoted f = dν

dµ . Moreover, f ∈ L1(µ)

We won’t prove this theorem here, but will make use of Radon-Nikodym derivatives
later.

3 The Spectral Theorem for Bounded Normal Operators

Now that we have a fair bit of background, we can start using the resuls in the context of
normal operators. An important distinction to be ware of is that of the point spectrum
and the full spectrum of a normal operator.
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Definition 3.1. Let N ∈ B(H) be a normal operator. The point spectrum σp(N) is
defined as the set of explicit eigenvalues of N :

σp(N) = {λ ∈ C | ker(N − λIH) ̸= 0}

As ker(N − λIH) ̸= 0, N − λIH is not invertible.

Definition 3.2. The full spectrum, or simply just the spectrum σ(N) is

{z ∈ C |N − zIH is not boundedly invertible}

N − zIH not being boundedly invertible, one of two possibilities are present. Either

i) N − zIH is not invertible, or

ii) (N − zIH)
−1 exists, but is unbounded

The first condition implies σp(N) ⊆ σ(N). The second condition implies that values in
σ(N) are not necessarily eigenvalues of N . We will see this more explicitly with examples
later on.

Remark 3.3. For finite dimensional spaces H, all linear operators are bounded. As a
result, for any normal operator N : H → H with H finite dimensional, the point spectrum
and full spectrum coincide, σp(N) = σ(N).

To find examples of normal operators for which the point spectrum and full spectrum are
distinct, we will have to look at operators on infinite dimensional spaces.

Remark 3.4. Along with the point and full spectra of an operator, there are many more
types of operator spectra. These include the approximate, continuous, and residual spectra
[4]. While these spectra won’t be of significant importance here, mentioning them here is
to emphasize that the spectrum of an operator extends beyond just the eigenvalues.

Example 3.5. Consider the operator A : ℓ2(N) → ℓ2(N) defined by

A(an)n∈N =
(an
n

)
n∈N

The eigenvalues of A are 1/n for n ∈ N. As well, A is injective, and so 0 is not an
eigenvalue of A. However, I claim that A is not surjective. To see this, notice that A is
injective. Consider the sequence

(
1
n

)
n∈N. We have∣∣∣∣∣∣∣∣( 1

n

)
n∈N

∣∣∣∣∣∣∣∣2 = 〈( 1

n

)
n∈N

,

(
1

n

)
n∈N

〉

=
∑
n∈N

(
1

n

)(
1

n

)

=
∑
n∈N

1

n2
=

π2

6

and so
(
1
n

)
n∈N ∈ ℓ2(N). If A were surjective, then there would be a sequence (an)n∈N ∈

ℓ2(N) such that A(an)n∈N =
(
1
n

)
n∈N. A is injective on ℓ2(N). It is left to the reader

to verify that the extension of A to all N-index sequences remains injective. With this,
there is only one sequence that could satisfy this, and this sequence is that which has 1
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in every term, (1)n∈N. However, this sequence is not in ℓ2(N). As a result,
(
1
n

)
n∈N is an

ℓ2(N) sequence not contained in the image of A, i.e. A is not surjective. Because of this,
0 ∈ σ(A) even though 0 is not an eigenvalue of A.

In fact, we can have normal operators N for which σp(N) = ∅ and σ(N) ̸= ∅. We will
see an example on this later.

Theorem 3.6. The Spectral Theorem for Normal Operators. Let N ∈ B(H) be a normal
operator. There is a unique projection-valued measure E on Borel(σ(N)) such that

1. N =
∫
σ(N) Iσ(N)dE

2. E(S) ̸= 0 for nonempty open subsets S ⊆ σ(N)

3. AN = NA and AN∗ = N∗A if and only if AE(S) = E(S)A for any S ⊆ σ(N) and
any A ∈ B(H)

Here, Iσ(N) : σ(N) → C is the inclusion map.

This is but one form of the spectral theorem. This form is analogous to the decompsition
of a finite dimensional normal operator N into a weighted sum of mutually orthogonal
projections:

N =
∑

λ∈σ(N)

λPλ

where Pλ is the projection onto the λ-eigenspace. Additionally, we have PλPϕ = 0 for
distinct λ, ϕ ∈ σ(N).

In order to prove the spectral theorem for normal operators, we first prove the following
theorem [11]

Theorem 3.7. Let N ∈ B(H) be a normal operator, and C∗(N) the C∗-algebra generated
by N . The set

∆ = {f : C∗(N) → C | f ̸= 0 is a homomorphism}

is called the maximal ideal space of C∗(N).

Recall that C∗(N) is the norm closure of polynomials in N and N∗. Moreover, C∗(N) is
a commutative subalgebra of B(H). As a result [11], we can identify ∆ with σ(N) so that
G(N) = Iσ(N) where G : C∗(N) → C(σ(N)) is the Gelfand transform.

Then there is a unique projection-valued measure E : Borel(σ(N)) → B(H) such that

T =

∫
σ(N)

G(T )dE

for any T ∈ C∗(N).

Through the identification ∆ = σ(N), we are able to show existence of the projection-
valued measure using theorem 3.7. With the existence confirmed, we are then able to
prove the rest of the spectral theorem.
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Proof. of Theorem 3.7 As C∗(N) is a commutative C∗-algebra, the Gelfand-Naimark the-
orem states that G is an isometric ∗-isomorphism. For f, g ∈ H, let Ψf,g : C(σ(N)) → C
be the map defined by

Ψf,g(ϕ) =
〈
G−1(ϕ)f, g

〉
Ψf,g is a linear functional. Then by the Riesz-Markov theorem [6] there is a unique
complex-valued regular Borel measure Ef,g defined on subsets of σ(N) such that

Ψf,g(ϕ) =

∫
σ(N)

ϕdEf,g

Now that we have a measure, we can extend Ψf,g to bounded Borel measurable functions
on σ(N), for which the integral with respect to Ef,g is well-defined. Moreover, the map

Ψ̃f,g(γ) =

∫
σ(N)

γdEf,g

bounded as

|Ψf,g(γ)| =

∣∣∣∣∣
∫
σ(N)

γdEf,g

∣∣∣∣∣
≤
∫
σ(N)

|γ|d|Ef,g|

≤ ||γ||∞
∫
σ(N)

d|Ef,g|

= ||γ||∞ | ⟨f, g⟩ |

= ||γ||∞ ||f ||H ||g||H

Because of this, the map (f, g) 7→ Ef,g is bounded and sesquilinear. and so there is a map
Θ defined for bounded functions γ : σ(N) → C so that

⟨Θ(γ)f, g⟩ =
∫
σ(N)

γdEf,g

From this, we see that Θ is an extension of G−1 from C(σ(N)) to bounded functions on
σ(N). Then, define E : Borel(σ(N)) → B(H) by E(S) = Θ(χS). I claim that E is a
projection-valued measure. To see this, notice the following

⟨E(σ(N))f, g⟩ =
〈
Θ(χσ(N))f, g

〉
=

∫
σ(N)

χσ(N)dEf,g

=

∫
σ(N)

dEf,g

= ⟨f, g⟩
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⟨E(∅)f, g⟩ = ⟨Θ(χ∅)f, g⟩

=

∫
σ(N)

χ∅dEf,g

=

∫
σ(N)

0dEf,g

= 0

For S1, S2 ∈ Borel(σ(N))

⟨E(S1 ∩ S2)f, g⟩ = ⟨Θ(χS1∩S2)f, g⟩

= ⟨Θ(χS1χS2)f, g⟩

= ⟨Θ(χS1)Θ(χS2)f, g⟩

= ⟨E(S1)E(S2)f, g⟩

and for a pairwise disjoint collection {Sn |n ∈ N} ⊆ Borel(σ(N))〈
E

(⋃
n∈N

Sn

)
f, g

〉
=
〈
Θ
(
χ⋃

n∈N Sn

)
f, g
〉

=

〈
Θ

(∑
n∈N

χSn

)
f, g

〉

=

〈∑
n∈N

Θ(χSn)f, g

〉

=

〈∑
n∈N

E(Sn)f, g

〉

Lastly, for any S ∈ Borel(σ(N)), and any f, gHwe have

⟨E(S)f, g⟩ = ⟨Θ(χS)f, g⟩

=

∫
σ(N)

χSdEf,g

= Ψ̃f,g(χS)

Uniqueness of E follows from uniqueness of Ef,g for any f, g ∈ H.

Now to finish the proof of the spectral theorem:

Proof. Through the association we made at the start, that G(N) = Iσ(N), we have

N =

∫
σ(N)

Iσ(N)dE
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Thus the first statement of the spectral theorem is proven. To prove the third statement,
let T ∈ C∗(N) and U ∈ B(H) and S ∈ Borel(σ(N)), then

⟨UTf, g⟩ = ⟨Tf, U∗g⟩

=

∫
σ(N)

G(T )dEf,U∗g

and

⟨TUf, g⟩ =
∫
σ(N)

G(T )dEUf,g

If T and U commute for any T ∈ C∗(N), then the measures Ef,U∗g and EUf,g are the
same, and so E(S)U = UE(S) for any Borel set S ⊆ σ(N). Moreover, the condition that
U commutes with every element of C∗(N) can be reduced down to commuting with N
and N∗ as C∗(N) is generated by N and N∗. Conversely,

⟨UE(S)f, g⟩ = ⟨E(S)f, U∗g⟩

= Ef,U∗g(S)

and

⟨E(S)Uf, g⟩ = EUf,g(S)

and so if E(S) and U commute for all S ∈ Borel(σ(N)), the measures EUf,g and Ef,U∗g

are the same, and so U commutes with N and N∗.

For the second statement of the spectral theorem, let S ⊆ σ(N) be a nonempty open set.
Then, the characteristic function χS is nonzero. As C(σ(N)) is contained in the collection
of bounded functions on σ(N), we can find a nonzero continuous function ϕ : σ(N) →
C whose support is contained in S. By applying the appropriate scaling, we can have
|ϕ(t)| ≤ χS(t) = 1 for all t ∈ S. As the Gelfand transform is an isometry between C∗(N)
and C(σ(N)), G−1(ϕ) is a nonzero operator on B(H), and so there exists f, g ∈ H such
that

| ⟨E(S)f, g⟩ | = | ⟨Θ(χS)f, g⟩ |

= | ⟨Θ(ϕ)f, g⟩ |

≤ |
〈
G−1(ϕ)f, g

〉
| > 0

Therefore, E(S) ̸= 0. Notice that this holds as Θ is an extension of G−1. This concludes
the proof of the spectral theorem.

We would like the PVM E to behave similarly. In particular, for an arbitrary Hilbert
space H and normal N ∈ B(H), we would like E({λ}) ̸= 0 for λ ∈ σp(N).



3 The Spectral Theorem for Bounded Normal Operators 11

If λ ∈ σp(N), there is a nonzero f ∈ H such that Nf = λf . Now, by the spectral
theorem

λf = Nf

=

(∫
σ(N)

Iσ(N)dE

)
f

=

(∫
σ(N)\{λ}

Iσ(N)dE +

∫
{λ}

Iσ(N)dE

)
f

Focusing on the second integral, we have∫
{λ}

Iσ(N)dE =

∫
σ(N)

Iσ(N)χ{λ}dE

= λ

∫
σ(N)

χ{λ}dE

= λE({λ})

In the integral over σ(N) \ {λ}, the map Iσ(N) never takes on the value λ, and so this
integral must send f to 0. If this were not the case, f would not be a λ-eigenvector of
N . Then, E{λ}f = f ̸= 0, i.e. f is a nonzero element in the range of E({λ}). Thus,
E({λ}) ̸= 0.

Proposition 3.8. In fact, the map ϕ 7→
∫
σ(N) ϕdE is a homomorphism.

Proof. For this, let ϕ, γ : σ(N) → C be simple functions. Then, we can write ϕ =∑n
k=1 akχSk

and γ =
∑m

ℓ=1 bℓχQℓ
for complex numbers ak, bℓ and measurable sets Sk and

Qℓ. Integrating the product ϕγ:
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∫
σ(N)

ϕγdE =

∫
σ(N)

(
n∑

k=1

akχSk

)(
m∑
ℓ=1

bℓχQℓ

)
dE

=

∫
σ(N)

n∑
k=1

m∑
ℓ=1

akbℓχSk
χQℓ

dE

=
n∑

k=1

m∑
ℓ=1

akbℓ

∫
σ(N)

χSk∩Qℓ
dE

=
n∑

k=1

m∑
ℓ=1

akbℓE(Sk ∩Qℓ)

=
n∑

k=1

m∑
ℓ=1

akbℓE(Sk)E(Qℓ)

=

(
n∑

k=1

akE(Sk)

)(
m∑
ℓ=1

bℓE(Qℓ)

)

=

(
n∑

k=1

∫
σ(N)

akχSk
dE

)(
m∑
ℓ=1

∫
σ(N)

bℓχQℓ
dE

)

=

(∫
σ(N)

n∑
k=1

akχSk
dE

)(∫
σ(N)

m∑
ℓ=1

bℓχQℓ
dE

)

=

(∫
σ(N)

ϕdE

)(∫
σ(N)

γdE

)

By taking limits of simple functions, we obtain that for any bounded functions ϕ, γ :
σ(N) → C, we have ∫

σ(N)
ϕγdE =

(∫
σ(N)

ϕdE

)(∫
σ(N)

γdE

)

Now that we have the spectral theorem, let’s spend a bit of time looking at a few examples.
The purpose of this is to give concrete examples of how, for a normal operator N ∈ B(H),
the spectrum σ(N) and point σp(N) differ.

Example 3.9. To begin, we look at the following matrix. Let T : R4 → R4 be the linear
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operator defined by the matrix
43 −34

√
5

25
62
√
5

25 8

−34
√
5

25
896
25

272
25 −44

√
5

25

62
√
5

25
272
25

1154
25 −8

√
5

25

8 −44
√
5

25 −8
√
5

25 46


It is left to the reader to verify that

(i) T is normal

(ii) The spectrum of T is σ(T ) = {27, 36, 54}

(iii) The eigenspaces are

E27 = span

{
v⃗27 =

[
1
3

26
√
5

75
−6

√
5

25
0
]T}

E36 = span

{
v⃗36 =

[
2
3

−11
√
5

75
−2

√
5

75
−2
3

]T}
E54 = span

{
v⃗54,1 =

[
0 6

√
5

25
26

√
5

75
−1
3

]T
, v⃗54,2

[
−2
3
, 2

√
5

75
, −11

√
5

75
, −2

3

]T}

(iv) The set of vectors


1
3

26
√
5

75

−6
√
5

25

0

 ,


2
3

−11
√
5

75

−2
√
5

75
−2
3

 ,


0

6
√
5

25

26
√
5

75
−1
3

 ,


−2
3

2
√
5

75

−11
√
5

75−2
3




is orthonormal

All linear operators on finite dimensional spaces are bounded. As a result, the full and
point spectra coincide. Define the projection-valued measure E : P(σ(T )) → B(H) so that

E(∅)u⃗ = 0

E({27})u⃗ = P27u⃗ = (v⃗27 · u⃗)v⃗27

E({36})u⃗ = P36u⃗ = (v⃗36 · u⃗)v⃗36

E({54})u⃗ = P54u⃗ = (v⃗54,1 · u⃗)v⃗54,1 + (v⃗54,2 · u⃗)v⃗54,2

for all u⃗ ∈ R4, and extending so that E(S1 ∩ S2) = E(S1)E(S2) for any subsets S1, S2 ⊆
σ(T ) and E(S1 ∪S2) = E(S1)+E(S2) for disjoint subsets S1, S2 ⊆ σ(T ). Notice that this
makes E a discrete measure. Then, taking IσT : σ(T ) → R to be the inclusion map, we



3 The Spectral Theorem for Bounded Normal Operators 14

have ∫
σ(T )

Iσ(T )dE =

∫
σ(T )

(
27χ{27} + 36χ{36} + 54χ{54}

)
dE

= 27

∫
σ(T )

χ{27}dE + 36

∫
σ(T )

χ{36}dE + 54

∫
σ(T )

χ{54}dE

= 27E({27}) + 36E({36}) + 54E({54})

= 27P27 + 36P36 + 54P54

From this last line, we see that this aligns with the spectral theorem for finite dimensional
operators we saw earlier. Here, χS is the characteristic function for S ⊆ σ(T ). This was
but one finite dimensional example, but a similar procedure can be used for any finite
dimensional normal operator. Thus we conclude that this integral form of the spectral
theorem agrees with the finite dimensional case. Now, let’s look at a couple examples on
infinite dimensional spaces.

Example 3.10. Let A : ℓ2(N) → ℓ2(N) be the linear operator defined by as

A(an)n∈N =
(an
n

)
n∈N

For any sequences (an)n∈N, (bn)n∈N, we have

⟨(an)n∈N, A∗(bn)n∈N⟩ = ⟨A(an)n∈N, (bn)n∈N⟩

=

〈(an
n

)
n∈N

, (bn)n∈N

〉
=
∑
n∈N

an
n
bn

=
∑
n∈N

an
bn
n

=

〈
(an)n∈N,

(
bn
n

)
n∈N

〉
(as n ∈ R)

= ⟨(an)n∈N, A(bn)n∈N⟩

Thus, A is self-adjoint, and hence normal. As discussed earlier, the point spectrum of A
is

σp(A) = {1/k | k ∈ N}

and 0 ∈ σ(A) but 0 ̸∈ σp(A). Next, we want to define the projection-valued measure E for
this operator. Starting with the point spectrum, for each n ∈ N, define E on singletons
of σp(A) so that E({1/k}) is the projection onto the kth component, and extend to all of
σp(A) to get the desired properties. But wait, σ(A) ̸= σp(A). In particular, we still need
to define E({0}). To do this, notice that for any k ∈ N

0 = E(∅)

= E({0} ∩ {1/k})

= E({0})E({1/k})
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but E({1/k}) is the projection onto the kth component. As k was arbitrary, the above
equation must hold for any k ∈ N. Due to this, we must have E({0}) = 0. As in the finite
dimensional case, this projection measure E is also discrete, the difference here being that
we get an infinite sum:∫

σ(A)
Iσ(A)dE =

∫
σ(A)

(
0χ{0} +

∑
n∈N

1

n
χ{1/n}

)
dE

=
∑
n∈N

(
1

n

∫
σ(A)

χ{1/n}dE

)

=
∑
n∈N

1

n
E({1/n})

=
∑
n∈N

1

n
Pn

= A

where Pn is the projection onto the nth component.

With these two examples, we’ve been able to write the integral as a sum due to the
discrete measures. However, this is not always the case, as we will see with the shift
operator later. In order to understand the shift operator, we first need to look at two
other linear operators, which will come in handy when dealing with the shift operator.

Example 3.11. Let F : L2(R) → L2(R) be the Fourier transform;

(Ff)(ω) =

∫
R
f(t)e−2πiωtdt

By Plancherel’s theorem, the Fourier transform is a unitary operator. The Fourier trans-
form also has a shift property, namely for a ∈ R

F(f(t− a)) =

∫
R
f(t− a)e−2piiωtdt

=

∫
R
f(t)e−2πiω(t+a)dt

= e−2πiωa

∫
R
f(t)e−2πiωtdt

= e−2πiωaF(f(t))

Along with this, a calculation shows that for f(t) = e−πt2 ,

(Ff)(ω) = e−πω2

Thus, 1 is an eigenvalue of F . Another important property of the Fourier transform is the
relation it has to derivatives: For differentiable f : R → C

(Ff ′) =

∫
R
f ′(t)e−2πiωtdt

= lim
L→∞

(
f(t)e−2πiωt

)∣∣L
t=−L

+ 2πiω

∫
R
f(t)e−2πiωtdt
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If f ∈ L2(R), the limit goes to 0 leaving only the integral on the right. Applying this to
the function h(t) = te−πt2 :

(Fh)(ω) =

∫
R
te−πt2e−2πiωtdt

=

∫
R

(
−1

2π

d

dt
e−πt2

)
e−2πiωtdt

=
−2πiω

2π

∫
R
e−πt2e−2πiωtdt

= −iω

∫
R
e−πt2e−2πiωtdt

= −iωe−πω2

= −ih(ω)

Repeating this process, we get that the point spectrum of F is σp(F) = {1,−i,−1, i}, and
the corresponding normalized eigenvectors are of the form

hk+4n(t) =

(
1

2π

)k+4n dk+4n

dtk+4n
e−πt2

where k = 0, 1, 2, 3 and n ∈ N0. The astute might notice that these are the Hermite
polynomials multiplied by a Gaussian factor. [10] Moreover, these eigenvectors form a
complete orthonormal basis of L2(R). The corresponding projections are defined as

Pkf =

∞∑
n=0

hk+4n ⟨f, hk+4n⟩

for k = 0, 1, 2, 3. From this, we can define the projection valued measure J by J({ik}) = Pk

Example 3.12. Let g : R → C be a bounded function. Note that g may not be in L2(R).
Nevertheless, we can define the operator Mg : L2(R) → L2(R) by

(Mgf)(t) = f(t)g(t)

To verify that this does ineed work, notice that for f ∈ H:

||Mgf ||2 =
∫
R
|gf |2dt

≤
∫
R
|sup(g)|2|f |2dt

= |sup(g)|2
∫
R
|f |2dt

= |sup(g)|2 ||f ||2
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Thus Mg is a bounded operator as |sup(g)| < ∞. Let f, h ∈ L2(R), then〈
f,M∗

g h
〉
= ⟨Mgf, h⟩

=

∫
R
g(t)f(t)h(t)dt

=

∫
R
f(t)g(t)h(t)dt

= ⟨f,Mgh⟩

Thus, M∗
g = Mg. As pointwise multiplication is commutative, we have that Mg is normal.

Now let’s find the spectrum of Mg. For f ∈ L2(R), we see

(Mg − λIL2(R))f = gf − λf

= (g − λ)f

= Mg−λf

As f was arbitrary, Mg − λIL2(R) = Mg−λ. Provided it exists, M−1
g−λ = M1/(g−λ). With

this, we now check when M1/(g−λ) is unbounded. For M1/(g−λ) to be bounded, there exists
a positive a ∈ R such that ∣∣∣∣ 1

g(t)− λ

∣∣∣∣ < a a.e

or equivalently |g(t) − λ| > 1/a a.e.. Write ε = 1/a, then M1/(g−λ) is bounded whenever
|g(t) − λ| > ε a.e. If no such ε exists, M1/(g−λ) is unbounded, such as the case when
g(t) = λ. Thus, σ(Mg) = {λ ∈ C | ̸ ∃ε so that |g(t)− λ| > ε a.e.} [5]. Equivalently, this is
the set

{λ ∈ C |m({t ∈ R | |g(t)− λ| < ε} > 0 for all ε > 0}

This is exactly the essential image of g. This gives us the full spectrum of Mg, but it
remains to show what the eigenvalues are. If λ is an eigenvalue of Mg, then there is a
nonzero f ∈ H such that

Mgf = λf

More explicitly, f is a λ-eigenvector of Mg if g(t)f(t) = λf(t) a.e. Since f ̸= 0, there is a
set S with positive (possibly infinite) Lebesgue measure such that f(t) ̸= 0 for all t ∈ S.
In general, we need (g(t)−λ)f(t) = 0. On this set S in particular, we have g(t)−λ = 0 a.e.
And so, σp(Mg) ⊆ {λ ∈ C |m({t ∈ R | g(t) = λ}) > 0}. For the other direction, let λ ∈ C
such that S = {t ∈ R | g(t) = λ} has positive finite measure. Consider the characteristic
function χS on S. Notice ∫

R
|χS |2dt =

∫
R
χSdt

=

∫
S
dt

= m(S) < ∞
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thus, χS ∈ L2(R). Moreover,

MgχS = g(t)χS(t) =

g(t) t ∈ S

0 t ̸∈ S

but g(t) = λ for all t ∈ S, and so MgχS = λχS . This handles the case where S has
finite measure, next, consider the case when m(S) = ∞. Here, take the function f(t) =
χS(t)e

−πt2 , then

Mgf = g(t)χS(t)e
−πt2 =

{
g(t)e−πt2 t ∈ S

0 t ̸∈ S

As before, g(t) = λ for all t ∈ S and 0 otherwise, and so Mgf = λf . Lastly,

||f ||2 =
∫
R
|f(t)|2dt

≤
∫
R
|f(t)|2dt

≤
∫
R
e−2πt2dt

=
1√
2

thus, f ∈ L2(R). This covers the case S has infinite measure. Therefore,

σp(Mg) = {λ ∈ C |m({t ∈ R | g(t) = λ}) > 0}

Onto the spectral theorem, for a subset S ⊆ σ(Mg) = ess im(g), define the projection-
valued measure E by

E(S)f = Mχg−1(S)
f

where χg−1(S) is the characteristic function on the preimage of S under g. This might
seem a bit odd, but notice that χg−1(ess im(g)) = 1 a.e., and so for any f ∈ L2(R), we have

E(σ(Mg))f = Mχg−1(ess im(g))
f

= MχRf

= f

Therefore, E(σ(Mg)) = IL2(R). As well

E(∅)f = Mχg−1(∅)
f

= Mχ∅f

= 0f

= 0
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and so E(∅) = 0 as f was arbitrary. Let S1, S2 ⊆ σ(Mg), then

||E(S1 ∩ S2)f ||2 =
∫
R

∣∣χg−1(S1∩S2)(t)f(t)
∣∣2 dt

=

∫
R
|χg−1(S1)∩g−1(S2)(t)f(t)|

2dt

=

∫
R
|χg−1(S1)(t)χg−1(S2)(t)f(t)|

2dt

= ||E(S1)E(S2)f ||2

Lastly, if {Sn}n∈N is a collection of disjoint subsets of σ(Mg), then∣∣∣∣∣
∣∣∣∣∣E
(⋃

n∈N
Sn

)
f

∣∣∣∣∣
∣∣∣∣∣
2

=

∫
R

∣∣∣χg−1(
⋃

n∈N Sn)(t)f(t)
∣∣∣2 dt

=

∫
R

∣∣∣χ⋃
n∈N g−1(Sn)f(t)

∣∣∣2 dt
=

∫
R

∣∣∣∣∣∑
n∈N

χg−1(Sn)(t)f(t)

∣∣∣∣∣
2

dt

=

∣∣∣∣∣
∣∣∣∣∣∑
n∈N

E(Sn)f

∣∣∣∣∣
∣∣∣∣∣
2

Therefore, E is indeed a projection-valued measure. Finally, we integrate the inclusion
Iσ(Mg) with respect to E: ∫

σ(Mg)
Iσ(Mg)dE

If g is a simple function, then ess im(g) is a finite set, and so we can write

Iσ(Mg) =
∑

λ∈ess im(g)

λχg−1(λ)
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then (∫
σ(Mg)

Iσ(Mg)dE

)
f =

∫
σ(Mg)

∑
λ∈ess im(g)

λχg−1(λ)dE

 f

=

 ∑
λ∈ess im(g)

λ

∫
σ(Mg)

χg−1(λ)dE

 f

=

 ∑
λ∈ess im(g)

λE({λ})

 f

=

 ∑
λ∈ess im(g)

λMχg−1(λ)

 f

=

 ∑
λ∈ess im(g)

λχg−1(λ)

 f

This last sum is equivalent to g almost everywhere. Therefore,(∫
σ(Mg)

Iσ(Mg)dE

)
f = gf

= Mgf

As f was arbitrary, we have

Mg =

∫
σ(Mg)

Iσ(Mg)dE

as desired. Taking the limit of simple functions, we obtain the general case for the multi-
plication by an essentially bounded g : R → C.

Example 3.13. As a final example, let’s look at the shift operator on L2(R). Let STa :
L2(R) → L2(R) be the shift operator

(Taf)(t) = f(t− a)

In the Fourier transform example, we saw

FTa(f(t)) = F(Taf(t))

= Ff(t− a)

= e−2πiωaF(f(t))

= Mexp(−2πiωa)F(f(t))

To simplify notation, write Ma for Mexp(−2πiωa). Then, we have Ta = F∗MaF . The
spectrum of Ma is the unit circle in the complex plane,

σ(Ma) = {z ∈ C | |z| = 1}
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Let λ ∈ σ(Ma), then Ma − λIL2(R) is not invertible. Using the unitary equivalence of Ta

and Ma, we have

Ma − λIL2(R) not invertible ⇐⇒ FTaF − λFF∗ not invertible

⇐⇒ F(Ta − λIL2(R))F∗ not invertible

but F is invertible, and so we must have Ta − λIL2(R) is not invertible. Thus λ ∈ σ(Ta).
Then, we have σ(Ta) = σ(Ma). With this in mind, define the map K : Borel(σ(Ta)) →
B(L2(R)) by

K(S) = F∗E(S)F

where E is the projection-valued measure for Ma and S ∈ Borel(σ(Ta)). I claim that K
is also a projection-valued measure. To see this, notice that for any S ∈ Borel(σ(Ta)), we
have

K(S)2 = K(S)K(S)

= (F∗E(S)F)(F∗E(S)F)

= F∗E(S)FF∗E(S)F

= F∗E(S)IL2(R)E(S)F

= F∗E(S)E(S)F

= F∗E(S)F (As E(S) is idempotent)

= K(S)

and

K(S)∗ = (F∗E(S)F)∗

= F∗E(S)∗F∗∗

= F∗E(S)F (As E(S)∗ = E(S) and F∗∗ = F)

= K(S)

Thus, K(S) is idempotent and self-adjoint, hence is a projection. The other properties
required for a projection-valued measure follow from the fact that E is a projection-valued
measure.

4 The Functional Calculus for Bounded Normal Operators

Definition 4.1. Let N ∈ B(H) be a normal operator, and let E be the spectral measure
for N . A positive measure µ is called a scalar-valued spectral measure (SVSM) for N if
µ and E are absolutely continuous with respect to each other, i.e. for any measurable
S ∈ Borel(σ(N)), E(S) = 0 if and only if µ(S) = 0

The perspective behing the scalar-valued spectral measure is to allow us to connect func-
tions that take on real-valued integrals with linear operators. The absolute continuity
condition ensures that the measures agree on relevant sets.
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In the buildup to the spectral theorem, we showed that the map ϕ 7→
∫
σ(N) ϕdE is a

homomorphism. In that section, we showed this for bounded functions. Here, under the
functional calculus, as we will have a scalar-valued measure on σ(N), we can extend what
we did then to µ-essentially bounded functions. Moreover, doing this will give us some
additional properties.

Definition 4.2. Let T ∈ B(H). A vector f ∈ H is called a cyclic vector for T if the set

{T kf | k ∈ N0}

spans H.

Example 4.3. As an example, consider the map T : R2 → R2 defined by the matrix[
0 −1
1 0

]

and consider the vector v⃗ =

[
1
0

]
. The set

{v⃗, T v⃗} =

{[
1
0

]
,

[
0 −1
1 0

] [
1
0

]}

=

{[
1
0

]
,

[
0
1

]}
spans all of R2. Thus, v⃗ is a cyclic vector for T . In fact, every nonzero vector u⃗ ∈ R2 is a
cyclic vector for T . More generally, if A ⊆ B(H), then a vector f ∈ H is a cyclic vector
for A if the set

{T kf |T ∈ A, k ∈ N0}

spans H.

Definition 4.4. Let A ⊆ B(H). A vector f ∈ H is called a separating vector for A if
Tf = 0 =⇒ T = 0 for all T ∈ A

Definition 4.5. Let A ⊆ B(H). The set

{U ∈ B(H) |UT = TU for all T ∈ A}

is called the commutatnt of A, and is denoted A′

Remark 4.6. If T ∈ A ⊆ B(H), then for all U ∈ A′, we have TU = UT , i.e. T ∈ A′′. As
T was arbitrary, we have that A is contained in its double commutant A′′

Proposition 4.7. Let A ⊆ B(H). If f is a cyclic vector for A, then f is a separating
vector for A′

Indeed, suppose that Uf = 0 for some U ∈ A′. Then, for every T ∈ A

UTf = TUf = 0

By taking powers of T , we have T kUf = UT kf = 0 for all k ∈ N0. But remember that
{T kf |T ∈ A, k ∈ N0} spans H. Thus, U sends a basis of H to 0. By linearity, we then
have U = 0. Therefore, f is a separating vector for A′
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Theorem 4.8. The Functional Calculus for a Normal Operator. Let H be a separable
Hilbert space, let N ∈ B(H) be a normal operator, and let µ be an SVSM for N . Then,
the map U : L∞(µ) → W ∗(N) given by U(f) =

∫
σ(N) fdE is well-defined and

(i) U is a ∗-isomorphism

(ii) U : (L∞(µ),wk∗) → (W ∗(N),WOT) is a homeomorphism

Because of the definition of U, it is customary to write f(N) = U(f).

Proof. In the construction of the spectral theorem, we defined a similar map for bounded
functions on σ(N). Now that we have a scalar measure, we can extend what we did there
to apply to µ-essentially bounded functions. Let ϕ ∈ L∞(µ) and suppose ϕ = 0 a.e.
[µ]. As µ and E are mutually absolutely continuous, we have

∫
σ(N) ϕdE = 0 a.e.. By

linearity of the integral, we have that there is a unique U(ϕ) for every ϕ ∈ L∞(µ), so U is
well-defined.

Let γ =
∑n

k=1 akχSk
and ϕ =

∑m
ℓ=1 bℓχQℓ

be simple functions in L∞(µ). Then,

U(ϕγ) =

∫
σ(N)

ϕγdE

=

∫
σ(N)

(
n∑

k=1

akχSk

)(
m∑
ℓ=1

bℓχQℓ

)
dE

=

∫
σ(N)

(
n∑

k=1

m∑
ℓ=1

akbℓχSk
χQℓ

)
dE

=
n∑

k=1

m∑
ℓ=1

(
akbℓ

∫
σ(N)

χSk∩Qℓ
dE

)

=

n∑
k=1

m∑
ℓ=1

akbℓE(Sk ∩Qℓ)

=
n∑

k=1

m∑
ℓ=1

akbℓE(Sk)E(Qℓ)

=

(
n∑

k=1

akE(Sk)

)(
m∑
ℓ=1

bℓE(Qℓ)

)

=

(
n∑

k=1

ak

∫
σ(N)

χSk
dE

)(
m∑
ℓ=1

bℓ

∫
σ(N)

χQℓ
de

)

=

(∫
σ(N)

n∑
k=1

akχSk
dE

)(∫
σ(N)

m∑
ℓ=1

bℓχQℓ
dE

)

=

(∫
σ(N)

ϕdE

)(∫
σ(N)

γdE

)

Like before, by taking limits of simple functions, we get that U is a homomorphism of C∗-
algebras. Now, because E and µ are mutually absolutely continuous, we have U is injective:
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Let ϕ ∈ L∞(µ) and suppose U(|ϕ|) =
∫
σ(N) |ϕ|dE = 0. Then, because |ϕ| ≥ 0, |ϕ| = 0

a.e. [E], and hence 0 a.e. [µ]. The proof of surjectivity is left out due to time and length
constraints, but more information can be found in [2], [3]. Thus, U is a ∗-isomorphism.

Now, let f ∈ H be a separating vector for W ∗(N) such that µ(S) = ⟨E(S)f, f⟩. Let
{γj}j∈I be a net in L∞(µ). Suppose U(γj) converges to 0 under the WOT. Let ϕ ∈ L1(µ)
and ϕ ≥ 0. Then the measure ϕµ is absolutely continuous with respect to µ. Then,
there is a vector h ∈ H such that for any measurable S ∈ Borel(σ(N)), we have ϕµ(S) =
⟨E(S)h, h⟩ = µh(S). Then,

⟨U(γj)h, h⟩ =
∫
σ(N)

γjdµh

=

∫
σ(N)

γjϕdµ

As U(γj) converges WOT to 0, we have that this integral converges to 0. But ϕ ∈ L1(µ)
was arbitrary, and so we get γj converges wk∗ to 0.

For the other direction, suppose γj converges wk∗ to 0. and let g, k ∈ H, then there is a
function ϕ ∈ L1(µ) such that ϕµ = µg,k, and so

⟨U(γj)g, k⟩ =
∫
σ(N)

γjdµg,k

=

∫
σ(N)

γjϕdµ

As g, k were arbitrary, we conclude that U(γj) converges WOT to 0. Therefore, the map
U is continuous, and has continuous inverse, hence is a homeomorphism.

5 Next Steps and Conlusion

The functional calculus allows us relate essentially bounded functions on σ(N) with op-
erators in W ∗(N) in a very structured way. There is a lot more we could do with nor-
mal operators, such as the spectral mapping theorem, which shows that for any function
ϕ ∈ L∞(µ), the spectrum of U(ϕ) is a.e. equivalent to the image of the spectrum of N ,
ϕ(σ(N)).

Theorem 5.1. The Spectral Mapping Theorem. Let H be a separable Hilbert space, let
N ∈ B(H) be a normal operator, let µ be a scalar-valued spectral measure for N , and let
f ∈ L∞(µ). Then, the spectrum of f(N) is the µ-essential range of f

Throughout this entire paper, we almost exclusively dealt with the theory of normal
operators as it pertains to bounded operators. However, not all linear operators are
bounded. The exploration of these operators is, unfortunately, too vast to fit into the
margins of this paper. and so we will have to stop here for now. Nevertheless, this paper
has covered a large amount of content, invoking results from topology and measure theory,
to build a theorems relating to the spectra of normal operators, and the various spaces
involved in these theorems.

A notion that was skipped however, is that the spectral theorem also provides a way in
which to decompose the underlying space. In the finite dimensional case, this results in
representing a vector space as a direct sum of the eigenspaces of a linear operator. In the
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infinite dimensional case however, we’ve seen that elements of the spectrum of a normal
operator need not be eigenvalues. The decomposition of the space takes on a slightly
different meaning and methodology as a result.
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ton at the University of Calgary.
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